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What is a g-analog?




The g-integers

* For positive integers n,

[n], =1+qg+q +..+q""
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The g-integers

* For positive integers n,

[n], =1+g+q +..+q"" =



The g—-numbers

* For any complex number 2z,
l1-qg°
I-¢

2], =



Ordinary Derivative

Df (x) = imd Kt = f(x)

h=0  (x+h)—x




Ordinary Derivative

DFf (x) = lim f(gx) - f(x)

q—l gx — x




Ordinary Derivative

Df(x) - hmf(x)_f(qx)

q—l X —gx



Ordinary Derivative

Df(.X) - hmf(x)_f(qx)
= (1-g)x



The g-Derivative

f(x) = f(gx)
(I-g)x

D, f(x):=



Power rule for g-derivative

D x"



Power rule for g-derivative

D xn _ X _('XQ)
! x(1-q)




Power rule for g-derivative




Power rule for g-derivative

n n-1
qu = [n]qx



The g-factorial

 For n a positive integer,

] t=[n], [n~1],[n~-2],..[2],[1],



The g-factorial

[O]q!:= |



The exponential function




A g-exponential function




A g-exponential function




The binomial theorem

" (n\
“o\J /




The g-binomial

(x+ ), =(x+ (X +gy)(x+q"y)...(x+4""y)



The g-binomial coefficient

 For O<j=<n,
o [,

gl Uil Mn- ],




iederich Gauss

Karl Fr




The g-binomial theorem

e =3[ oy
Jj=01J |




Quantum binomial theorem

» If yx=qxy,

o nl .
(c+y)g= Y| .| ¥y
=olJ




The g-Pascal triangle

tq




The g-Pascal triangle




The g-binomial symmetry




Finite fields

* Let p be a prime and r be a positive
integer.



Finite fields

* Let p be a prime and r be a positive
integer.

* There exists a finite field (unique up to
isomorphism) with g=p”elements.



Finite fields

* Let p be a prime and r be a positive
integer.

* There exists a finite field (unique up to
isomorphism) with g=p”elements.

» Denote this field GF(g).



The g-binomial coefficient

* The number of j~dimensional
subspaces in the n-dimensional vector
space (GF(qg))” is "

.




Jacobi’s
triple product identity

* If z#0 and |w|<1, then

E(_l)jzjwjz _ H(l w21 = 2w (1 = 77w

j=—OO
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First Rogers-Ramanujan
identity

- If |g|<1,

-2

- - 1
E —g)(1- q) (1- qf>'H<1—q5m”><1—q5m+4>

m=0



Leonard James Rogers
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First Rogers-Ramanujan
identity

-2

- - 1
EO g)(1 - q) (1- qffg(l—qm”)(l—fm*“)



First Rogers-Ramanujan
identity




First Rogers-Ramanujan
identity

l+ql+qg+q" +.)+q¢ A+qg+q" +.)A+q"+q" +..)+...
=1+q+q +.)A+q" +q°+.)A+q¢°+q +.)A+q +q"° +..)...



First Rogers-Ramanujan
identity

l+g+q°+q +2¢" +2q¢° +3¢°+3q" +4¢° +5q° + ...



The Rogers-Ramanujan
identities

-2
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Rogers-Ramanujan type
identities

o0 j2 00 1

q _
2 1-g)(1-¢%)...Ad-g") 1_[(1 —-g"HA-g""*)

iqu(nq)(1+q3)...(1+q2{'-1) > 1
“~ (1-g)A-¢g"..A-q") L 5A=¢g""HA-¢g""")A-¢""")



Rogers-Ramanujan type
identities

j? % |
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Rogers-Ramanujan type
identities

J
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Let 2(g) denote the series side of the
identity, in this case

2

)= E o) — q) (-

g’



We seek a generalization f(t,q) of =(qg)



We seek a generalization f(t,q) of =(qg)
where

o lim(l1-1)f(t,q) =2(gq)

t—l



We seek a generalization f(t,q) of =(qg)
where

o lim(1-1) f(1,9) = 2(q)

. fe0=YP@"  where P.(q) -—>=(g) and
P (g) are polynomials



We seek a generalization f(t,q) of 2(qg)
where

o lim(1-2) f(1,9) = 2(q)

- fe=2E @ where P(g) -->3(q) and
P.(q) are polynomials

» flg,t) satisfies a first order

nonhomogenous g-difference
equation



. .2
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g |
f(@)=f(t.q) = 20 (1-0)1-tqg)(1-tqg>)...1-tg’™")



Deriving the g-difference eqn

o0

) tzjqu
fi)= ;(1 -1 -tq)(1-1tqg°)...A-tq’™)




Deriving the g-difference eqn

1S &
R B T (e (R W)




Deriving the g-difference eqn

. . . 2
t2( J +1)q( J+D)

Ho 'ﬁ < (-1 - 1g)(1 - 1g")...(1 - 1g"")




Deriving the g-difference eqn

o0 2i+2  iZ+2j+l1
£2 qJ J

Sl 2 (1= 01~ 1g)(1- 1) (1= 1g")




Deriving the g-difference eqn

2 27 jP42]
Iq

1 g
fO=1 1—tZ)(l—fq)(l—’qz)m(l_tqj)




Deriving the g-difference eqn

2 o0

1 tyq (19)'q"
fO=1 1—tZ)(l—fq)(l—’qz)m(l_tqj)




The g-difference equation

f(t)=——+

- 1_tf(tq)



The g-difference equation

A=1)f (1) =1+ 17qf (1)



The g-difference equation

f()—1tf (1) =1+ t°qf (1q)



The g-difference equation

f(0) =1+1f (1) + qf (1)



The g-difference equation

iPn (@t" =1+ ti P.(qt" + tzqi P,(q)(tq)"



The g-difference equation

iPn(Q)t” =1+ iPn(q)th N ipn(q)tn+2qn+1
n=0 ~ a



The g-difference equation

co

ipn(Q)tn =1+ ipn(q)t’“l + Eqmlpn(q)tmz
n=0 n=0

n=0



The recurrence for P, (q)
n

iPn (@Qt" = oo "+ S
2 1+ ;Pn_l(q)t + Eq”‘an_z(q)t”
n=2



The recurrence for P, (q)

EP(q)t —1+2 4@t +2¢1n Pt

Py(q) = 1



The recurrence for P_(q)

EP(q)t —1+2 4@t +2¢1n Pt

Py(q) = 1 P (q) = 1



The recurrence for P, (q)

EP(q)t —1+2 4@t +EQ” Pt

Py(q) = 1 P(q) = 1
P(@)=P, (@+q""'P,_,(q),n>1



A g-Fibonacci sequence

Py(q) =1 P(q) =1
P(@)=P, (@+q" P, ,(q,n>1



Back to f(?)

o0

) tzj'qu
fi) = ona -1 -tg)(1-tg*)..A-1tq’™)



* By the g-binomial series,
ke

£(1) ~ }jrq; j




* By the g-binomial series,
“ j+ k]

f() = }j; A )
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A formula for P.(q)




A formula for P.(q)

AR I ==



Another formula for P (q)

» Using the recurrence and initial
conditions . . .



A g-Fibonacci sequence

Py(q) =1 P(q) =1
P(@)=P, (@+q" P, ,(q,n>1



Py(g) =1

P(g)=1

P,(q)=1+¢q

P(q)=1+g+q’
P(@)=1+q+q +q +q"
P(p)=1+q+q" +q" +2¢" +q" +q"



Py(g)=1
P,(q)=1+gq

P(@=1+q+q +q +q"



Py(q)=1=

P(q)=1+q=

P(@=1+qg+q¢ +q +q" =




P(g) =1
P(q)=1+q+q’

P(Q=1+q+q" +q +2¢" +q" +q°



P(@=1=

P =1+q+q" =

5
P(Q=1+q+q" +q¢ +2q" +q" +q° = —(q2+q3)5




Another formula for P (q)

B(q)="Y (=1)/ ¢/ n+ 521‘ +]
j=_oo




Another formula for P (q)

o n
Pg)=Y (-1/q""" || n+5j+1
j==o° 2
444

n—o (_l)jqj(5j+l)/2 +
2 I—(-)1-q')..



Another formula for P (q)

o n
F(g)="Y (-1)/q/® 72| | n+5]+1
°=—OO 2
19

0]

n—>00 1—[ E( 1)] j(5j+1)/2
1-g"

m=1




Jacobi’s
triple product identity

* If z#0 and |w|<1, then

E(_l)jzjwjz _ H(l w21 = 2w (1 = 77w

j=—OO



Jacobi’s
triple product identity

» Set w=¢g°/? and z=qgl/°:

E(_l)]q](5]+l)/2 _ H(l _ qu)(l _ q5m—2)(1 _ qu—3)
m=1

j=—OO



Another formula for P (q)

o n
F(g)="Y (-1)/q/® 72| | n+5]+1
°=—OO 2
19

0]

n—>00 1—[ E( 1)] j(5j+1)/2
1-g"

m=1




Another formula for P (q)

o n
F(g)="Y (-1)/q/® 72| | n+5]+1
f=== 2
419

o ﬁ (1-¢")(1-g")A-¢"")
1-g"

m=1



Another formula for P (q)

o n
Plq)= Y (-1 g/ nt 5+
——00 2
449

H a" 4)(1 ")



Another formula for P (q)

_ i n
F(g)=Y (=g || n+5)+1
= 2

n 5m+1 )(1 5m+4)




